A localization of a power series ring over a valuation domain  by Kang, B.G. & Park, M.H.
Journal of Pure and Applied Algebra 140 (1999) 107{124
www.elsevier.com/locate/jpaa
A localization of a power series ring over a valuation
domain1
B.G. Kang , M.H. Park
Department of Mathematics, Pohang Institute of Science and Technology,
Pohang, 790-784 South Korea
Communicated by C.A. Weibel; received 28 June 1997; received in revised form 10 October 1997
Abstract
Let V be a valuation domain. It is known that V <X1; : : : ; Xn=V−(0) is an n-dimensional
Noetherian UFD if V has a height 1 prime ideal P and P 6=P2. We show that V <X1; : : : ; Xn=V−(0) is
an n-dimensional Noetherian regular local ring if V does not have a height 1 prime ideal. If V has
a height 1 prime ideal that is idempotent, then dim V <X1; : : : ; Xn=V−(0) =1 and t-dim V <X1; : : : ;
Xn=V−(0) =1. In the process of obtaining the above result, we introduce a product of innitely
many power series. c© 1999 Elsevier Science B.V. All rights reserved.
MSC: 13B30; 13F15; 13F25; 13F30; 13H05
0. Introduction
In [3], Arnold proved that for a nite-dimensional discrete valuation domain V; the
Krull dimension of V <X1; : : : ; Xn==(dim V )n+1. A crucial fact involved in this proof is
the simple observation that V <X1; : : : ; Xn=V−(0) is an n-dimensional Noetherian domain.
In [4], Arnold completed the global case and established that for a nite- dimensional
SFT Prufer domain D (see Denition 1.6), the ring D<X1; : : : ; Xn=D−(0) is an n-di-
mensional Noetherian ring, and subsequently that dimD<X1; : : : ; Xn==(dimD)n+ 1. In
the equation dim V <X1; : : : ; Xn=V−(0) = n; dim V is not used at all. Motivated by this
fact, we investigate how dim V <X1; : : : ; Xn=V−(0) behaves when dim V =1. We give
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a complete description of dim V <X1; : : : ; Xn=V−(0). Arnold showed that if R is a non-
SFT ring, then dim R<X ==1 [1, Theorem 1]. In particular, dim V <X ==1 even for
a one-dimensional non-Noetherian valuation domain V . The prime ideals consisting of
the chain which gives the innite dimension contain the maximal ideal M of V [1,
Theorem 1]. Thus, it does not indicate that dim V <X =V−(0) =1. One of our aims is
to show that this is the case. In fact, we show that dim V <X1; : : : ; Xn=V−(0) =1 and
t-dim(V <X1; : : : ; Xn=V−(0))=1. This also contributes to a solution to the question of
Dobbs and Houston about t-dim V <X = posed in [6, Remark 4.6]. The notation and
terminology are standard as in [5, 7, 11].
1. The case when V has no height 1 prime ideal
In this section, we assume that V is a valuation domain which does not have
a height 1 prime ideal. The non-zero elements of V shall be denoted by V − (0).
Let K be the quotient eld of V and Kn the quotient eld of V <X1; : : : ; Xn=. In [4],
Arnold proved that for a nite-dimensional Prufer domain D with the SFT-property,
dimD<X1; : : : ; Xn=D−(0) = n. Although dim V =1 and V need not be an SFT-ring either,
we have found that his proof can be modied to imply that dim V <X1; : : : ; Xn=V−(0) = n.
Thus, this section heavily depends on [4]. In particular, the following lemma is moti-
vated by the proof of [4, Lemma 3.3].
Lemma 1.1. If fig1i= 1 is a subset of K <X1; : : : ; Xn= for which there exist positive
integers fmig1i= 1 and d2V <X1; : : : ; Xn= n(0) such that fdmiig1i= 1V <X1; : : : ; Xn=; then
fig1i= 1VP <X1; : : : ; Xn= for some (0) 6=P 2Spec(V ).
Proof. We use induction on n 0. For n=0; let fig1i=1 be a subset of K and suppose
there exists d2V − (0) and positive integers fmig1i= 1 such that dmii 2V for i 1.
Then since \fP j (0) 6=P 2 Spec(V )g=(0); d =2 P for some non-zero prime ideal P
and so fig1i= 1VP . Now, let fig1i= 1 be a subset of K <X1; : : : ; Xn=; fmig1i=1 a set of
positive integers, and d2V <X1; : : : ; Xn= n(0) be such that dmii 2V <X1; : : : ; Xn= for all
i 1. Write d= P1j=0 dj(X1; : : : ; Xn−1)X jn and i= P1j=0 ij(X1; : : : ; Xn−1)X jn . Clearly,
we may assume that d0 6=0. Then it is easy to see that d( j+1)mi0 ij 2 V <X1; : : : ; Xn−1=
for each i 1; j 0. Therefore, by the induction hypothesis, ij 2VP <X1; : : : ; Xn−1= for
a non-zero prime ideal P of V and for all i 1; j 0. Consequently, i=
P1
j=0 ijX
j
n 2
VP <X1; : : : ; Xn=.
Lemma 1.2 (Arnold [4, Lemma 3.3]). Let Spec+(V ) be the set of non-zero prime
ideals of V; K the quotient eld of V; and Kn the quotient eld of V <X1; : : : ; Xn= .
Then;
(1) for each positive integer n; K <X1; : : : ; Xn=\Kn=
SfVP <X1; : : : ; Xn= jP 2 Spec+(V )g
=V <X1; : : : ; Xn=V−(0);
(2) K =
SfVP jP 2 Spec+(V )g.
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Proof. (2) is clear. (1) By Lemma 1.1,
K <X1; : : : ; Xn= \ Kn
SfVP <X1; : : : ; Xn= jP 2 Spec+(V )g:
Let f2VP <X1; : : : ; Xn= for a non-zero prime ideal P. Choose a2P n(0). Then af2V
<X1; : : : ; Xn= and so f2V <X1; : : : ; Xn=V−(0). Thus,SfVP <X1; : : : ; Xn= jP 2 Spec+(V )gV <X1; : : : ; Xn=V−(0):
It is clear that V <X1; : : : ; Xn=V−(0)K <X1; : : : ; Xn= \ Kn.
Remark. Lemma 1.2 implies that V <X1; : : : ; Xn=V−(0) is a Krull domain. The main goal
of this section is to prove that it is in fact a Noetherian regular local ring and hence
a unique factorization domain (UFD).
Lemma 1.3 (Arnold [4, Lemma 3.4]). Let V (0) =V and V (n) =V [X1; : : : ; Xn] for n 1.
Then; for each non-zero ideal A of V (n) (n 0); there exists a non-zero prime ideal P
of V with the following property: Each ideal B of (VP)(n) such that AP BAV−(0)
is a nitely generated ideal of (VP)(n). In particular; the ideal AP is nitely generated.
Proof. We apply induction on n. For n=0; let A be a non-zero ideal of V . SinceTfP jP 2Spec+(V )g=(0); A * P for some P 6=(0). For such P; AP =(1). So, if
B is an ideal of VP such that BAP; then B=(1) and hence is nitely generated.
Now, assume that n 1 and the lemma holds in V (n−1) and let A be a non-zero ideal
of V (n). Let C(A) denote the ideal of V (n−1) consisting of the leading coecients of
elements of A (viewed as polynomials in Xn with coecients in V (n−1)). By assump-
tion, there exists a prime ideal P for C(A) satisfying the conditions of the lemma.
Then the ideal C(A)(VP)(n−1) is nitely generated. Let B be an ideal of (VP)(n) such
that AP BAV−(0). Clearly, C(A)P C(B)C(A)V−(0). By the induction hypothesis,
C(B) is nitely generated. For each i; let Ci(B) be the ideal of (VP)(n−1) generated by
the leading coecients of elements of B with degree i with respect to the variable Xn.
Then C0(B)C1(B)    Ci(B)    C(B). Since C(B)=
S1
i=0 Ci(B) and C(B)
is nitely generated, there exists an integer l 1 such that Cl(B)=Cl+1(B)=   .
Now, the standard proof of the Hilbert Basis Theorem can be applied to show that B
is nitely generated.
Denition 1.4. Let R be a ring and f=
P1
i=0 fi 2 R<X1; : : : ; Xn=; where fi is either
0 or a homogeneous polynomial of degree i in R[X1; : : : ; Xn]. The rst non-zero fi is
called the initial term of f.
Theorem 1.5. Let V be a valuation domain which does not have a height 1 prime
ideal. Then V <X1; : : : ; Xn=V−(0) is an n-dimensional Noetherian regular local ring.
Proof. First we show that it is a Noetherian ring. Let A 6=(0) be an ideal of V <X1; : : : ;
Xn=V−(0). We view the elements of A as elements in K <X1; : : : ; Xn= and let I(A) be the
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ideal of K[X1; : : : ; Xn] generated by the initial terms of elements of A. For the ideal
A; set A(P) =A \ VP <X1; : : : ; Xn= for each P 2Spec+(V ) and A(0) =A \ V <X1; : : : ; Xn=.
Similarly, for each P 2Spec+(V ) (resp. P=(0)), let I(A(P)) (resp. I(A(0))) be the
ideal of VP[X1; : : : ; Xn] (resp. V [X1; : : : ; Xn]) generated by the initial terms of elements
of A(P) (resp. A(0)). Then clearly,
I(A)=
[
P 6=(0)
I(A(P)): (1)
(Note that V <X1; : : : ; Xn=V−(0) =
S
P 6=(0) VP <X1; : : : ; Xn= by Lemma 1.2.) Since AV
<X1; : : : ; Xn=V−(0); A=(A(0))V−(0). Hence,
I(A)= (I(A(0)))V−(0): (2)
Let P0 be the non-zero prime ideal corresponding to I(A(0)) in Lemma 1.3. By (2),
I(A(0))P0 I(A) \ VP0 [X1; : : : ; Xn]I(A(0))V−(0). By Lemma 1.3,
I(A) \ VP0 [X1; : : : ; Xn] is a nitely generated ideal of VP0 [X1; : : : ; Xn]: (3)
This implies that
I(A) \ VP0 [X1; : : : ; Xn] =I(A(Q0)) \ VP0 [X1; : : : ; Xn]
for a non-zero prime ideal Q0P0 (4)
since I(A)\VP0 [X1; : : : ; Xn] =
S
(0) 6=Q P0 (I(A(Q))\VP0 [X1; : : : ; Xn]) by (1) (note that
fI(A(Q))gQ is an ascending chain). Since VQ0 [X1; : : : ; Xn] is a quotient ring of VP0
[X1; : : : ; Xn]; I(A(Q0))= (I(A(Q0)) \ VP0 [X1; : : : ; Xn])VQ0 [X1; : : : ; Xn] = (I(A) \ VP0
[X1; : : : ; Xn])VQ0 [X1; : : : ; Xn] =I(A)\VQ0 [X1; : : : ; Xn] (for the second equality, see (4)).
Thus, I(A(Q0)) is a nitely generated ideal by (3) and
I(A(Q0))=I(A) \ VQ0 [X1; : : : ; Xn]: (5)
Let QQ0 be a non-zero prime ideal. Then I(A(Q)) \ VQ0 [X1; : : : ; Xn]I(A) \ VQ0
[X1; : : : ; Xn] =I(A(Q0))I(A(Q)) \ VQ0 [X1; : : : ; Xn] by (5). Thus,
I(A(Q0))=I(A(Q)) \ VQ0 [X1; : : : ; Xn] for any non-zero prime ideal QQ0: (6)
Now,
I(A(Q)) = (I(A(Q)) \ VQ0 [X1; : : : ; Xn])VQ[X1; : : : ; Xn]
=I(A(Q0))VQ[X1; : : : ; Xn]
for any non-zero prime ideal QQ0 (see (6)). (7)
Thus,
I(A(Q))=I(A(Q0))VQ[X1; : : : ; Xn] for any non-zero prime ideal QQ0: (8)
Let g1; : : : ; gl be elements in A(Q0) whose initial terms generate the ideal I(A(Q0)) of
VQ0 [X1; : : : ; Xn] (see (5)). Let g2A. Since A=
S
P 6=(0)(A\VP <X1; : : : ; Xn=) by Lemma 1.2,
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there exists a prime ideal Q 6=(0) such that QQ0 and g2A(Q). Since A(Q0)A(Q);
g1; : : : ; gl 2A(Q). By (8), I(A(Q)) is generated by the initial terms of g1; : : : ; gl. Then
it is easy to see that A(Q) = (g1    ; gl)VQ<X1; : : : ; Xn= since the initial terms of g1; : : : ; gl
are homogeneous polynomials. Since g2A(Q); g2 (g1    ; gl)VQ<X1; : : : ; Xn=. Therefore,
A S(0) 6=QQ0 (g1; : : : ; gl)VQ<X1; : : : ; Xn= (g1; : : : ; gl)(S(0) 6=QQ0VQ<X1; : : : ; Xn=)
= (g1; : : : ; gl)V <X1; : : : ; Xn=V−(0); whence A=(g1; : : : ; gl)V <X1; : : : ; Xn=V−(0). Thus,
V <X1; : : : ; Xn=V−(0) is a Noetherian ring. Now, to show that (X1; : : : ; Xn)V−(0) is the
unique maximal ideal of V <X1; : : : ; Xn=V−(0); let f2V <X1; : : : ; Xn=. Put f=a + g; where
0 6= a2V and g2 (X1; : : : ; Xn). Let f−1 be the inverse of f in V [1=a]<X1; : : : ; Xn=.
Since
TfP jP is a non-zero prime ideal of Vg=(0); we can choose a prime ideal
P 6=(0) such that a =2 P. Let 0 6=p2P. Since pV [1=a]V; pf−12V <X1; : : : ; Xn=. So
f−1 2V <X1; : : : ; Xn=V−(0) and so f is a unit of V <X1; : : : ; Xn=V−(0). By Krull’s general-
ized principal theorem, ht(X1; : : : ; Xn)V−(0) = n. So V <X1; : : : ; Xn=V−(0) is a regular local
ring [5, Theorem 11.22].
Denition 1.6. A ring R is called an SFT-ring (strong nite-type ring) if for each ideal
J of R; there exist a nitely generated ideal I  J and a natural number n such that
jn 2 I for each j 2 J . This class of rings is extensively studied in [2, 4]. An SFT Prufer
domain (resp. SFT valuation domain) is a Prufer domain (resp. valuation domain) that
is also an SFT-ring.
Corollary 1.7. If V is a discrete valuation domain or an SFT valuation domain; then
V <X1; : : : ; Xn=V−(0) is an n-dimensional regular (Noetherian) ring; which is also a UFD.
Proof. Since every SFT valuation domain is a discrete valuation domain [2,
Lemma 2.7], it suces to prove for a discrete valuation domain. If V does not have
a height 1 prime ideal, then Theorem 1.5 with the Auslander{Buchsbaum theorem
ensures that V <X1; : : : ; Xn=V−(0) has the desired properties. If V has a minimal prime
P; then VP is a one-dimensional discrete valuation domain, i.e., quasi-local PID. So
V <X1; : : : ; Xn=V−(0) =VP <X1; : : : ; Xn=VP−(0) has the desired properties.
For a nite-dimensional valuation domain V; V is discrete if and only if V is an
SFT-ring [2, Lemma 2.7]. For an innite-dimensional case a discrete valuation domain
need not be an SFT-ring although the converse always holds. We illustrate this in the
next example.
Example. An example of an innite-dimensional discrete valuation ring which is not
an SFT-ring: Let G=
L
R Z be lexicographically ordered and V a valuation do-
main with value group G. For the sake of simplicity of notation, let us denote byL
> Z;
L
  Z the subgroups of G which vanish on (−1; ]; (−1; ), respec-
tively. The convex subgroups of G which are distinct from G are fL>Z j 2Rg [
fLZ j 2Rg [7, Section 18 Exercise 5]. Let K be the quotient eld of V and
v :K ! G [ f1g the valuation on K . If P is a non-zero prime ideal of V; then
112 B.G. Kang, M.H. Park / Journal of Pure and Applied Algebra 140 (1999) 107{124
v(P)=G+−L> Z or G+−L Z (refer to [7, Corollary 17.9]), i.e., v(P)= ff jf
2G+; the index of the rst non-zero component of f is in (−1; ]g or ff jf2G+;
the index of the rst non-zero component of f is in (−1; )g.
Case I: If v(P) is of the second type, then we claim that P2 =P and P is not
branched: Let f2 v(P) and  be the index of the rst non-zero component of f. Let
g; h2G be such that
g()=
 0 if  ,
1 if >;
h()=
8><
>:
0 if <;
f() if = ;
f()− 1 if >:
Since <; g; h2 v(P). Clearly, f= g+h. So v(P)= v(P)+v(P) which implies P2 =P.
Since
v(P)=G+ −
M

Z=
1[
n=1
0
@G+ − M
− 1n
Z
1
A ;
P=
S1
n=1 Pn; where Pn is the prime ideal with v(Pn)=G
+ −L− 1n Z. So P is not
branched.
Case II: If v(P) is of the rst type, then we claim that P2 6=P: Let v(P)=G+ −L
> Z and e2P be the element such that v(e)()= 1 and 0 elsewhere. Suppose that
e2P2. Then e2 (x2) for some x2P. Let e=yx2; y2V: So v(e)= v(y)+2v(x). Since
v(y) 0; v(x)>0; we have v(y)  v(e) and v(x) v(e) : It is easy to see that this is
impossible. So e =2 P2 and thus P2 6=P.
From Cases I and II, we conclude that V is discrete and V is not an SFT-ring.
2. Innite product of power series
In this section, we dene the product of an innite number of power series, zeroes of
a power series, and some basic properties pertaining to these. We assume the following
setup unless otherwise specied.
Let V be a one-dimensional valuation domain with maximal ideal M . For a2V; v(a)
shall stand for the value of a in the value group of V . Let fi=
P1
j=0 aijX
j 2 V <X =;
i=1; 2; : : : . Suppose that ai0 is a non-unit for all i 1 and that there exists a non-zero
a2M such that P1i=1 v(ai0) v(a) and limi!1 v(aij)=1 for all j 1. For 0 6= 2M;
let V^ be the ()-adic completion of V . For basic results about completion, the readers
are referred to [5]. In [10, Theorems 6 and 7], it is shown that V^ is a one-dimensional
valuation domain with the same value group as that of V and the canonical map V ! V^
is an injection. It is easy to see that for every f=
P1
i=0 aiX
i 2 V <X = and 2M; the
sequence
Pn
i=0 ai
i is a Cauchy sequence in V and hence converges in V^ ; whose limit
we denote by
P1
i=0 ai
i and we write f()=
P1
i=0 ai
i.
We collect results from [10] which will be used in this section.
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Theorem 2.1 (Kang and Park [10, Theorems 6{8]). (1) Let V be a one-dimensional
valuation domain; M the maximal ideal of V; 2M; and V^ the ()-adic completion of
V . Then V^ is a valuation domain with maximal ideal MV^ and the natural injection
V ! V^ induces a natural isomorphism between the value groups of V and V^ .
(2) Let V be a valuation domain and  a non-unit of V . Then X −  is a prime
element of V <X =.
(3) Let V be a one-dimensional valuation domain and  6=  non-units of V . Then
X −  and X −  are not associates in V <X =.
Proof. (1) and (2) follow from [10, Theorems 6{8]. (3) Suppose X − 2 (X − ).
Then − 2 (X − ) \ V = T1n= 1(n)= (0); a contradiction. Thus, X −  =2 (X − );
whence the conclusion follows.
Denition 2.2. We dene (
Q1
i=1 fi; a); which belongs to V^ <X =; as follows:
(1) The constant term of (
Q1
i=1 fi; a) is dened as the element a.
(2) The rst coecient is dened as a11(a=a10)+a21(a=a20)+   +an1(a=an0)+    ;
which is an element of V^ .
(3) For g2V <X = we denote by (g)i the coecient of the X i-term of g. Having
dened (n− 1)-degree terms of (Q1i=1 fi; a) for all fi and a; we dene inductively the
coecient of the X n-term of (
Q1
i=1 fi; a) as
nX
j=1
a1j
 1Y
i=2
fi;
a
a10
!
n−j
+
nX
j=1
1X
k=2
a10a20    ak−1 0akj
 1Y
i=k+1
fi;
a
a10    ak0
!
n−j
=
nX
j=1
a1j
 1Y
i=2
fi;
a
a10
!
n−j
+
1X
k=2
2
4a10a20    ak−10 nX
j=1
akj
 1Y
i=k+1
fi;
a
a10    ak0
!
n−j
3
5
= a1n
 1Y
i=2
fi;
a
a10
!
0
+ a1n−1
 1Y
i=2
fi;
a
a10
!
1
+   + a11
 1Y
i=2
fi;
a
a10
!
n−1
+a10
nX
j=1
a2j
 1Y
i=3
fi;
a
a10a20
!
n−j
+ a10a20
nX
j=1
a3j
 1Y
i=4
fi;
a
a10a20a30
!
n−j
+   + a10a20    ak−1 0
nX
j=1
akj
 1Y
i=k+1
fi;
a
a10a20    ak0
!
n−j
+    :
Note that the series converges in V^ .
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Remark. The denition of
Q1
i=1 fi depends on the choice of a. That is why we used
the notation (
Q1
i=1 fi; a). Where there is no confusion, we simply write
Q1
i=1 fi.
Next, we demonstrate that each fi is a factor of (
Q1
i=1 fi; a) and show how the
change of the constant term of
Q1
i=1 fi aects the innite product; namely, we deter-
mine a relation between two innite products with distinct constant terms.
Proposition 2.3. (1) (
Q1
i=1 fi; a)=f1(
Q1
i=2 fi; a=a10).
(2) (
Q1
i=1 fi; aa
0)= (
Q1
i=1 fi; a)a
0 for all non-zero a0 2V .
Proof. (1) Note that
1X
k=2
2
4a10a20    ak−1 0 nX
j=1
akj
 1Y
i= k+1
fi;
a
a10a20    ak0
!
n−j
3
5
= a10
2
4 nX
j=1
a2j
 1Y
i=3
fi;
a
a10a20
!
n−j
+
1X
k=3
a20    ak−1 0
nX
j=1
akj
 1Y
i=k+1
fi;
a
a10a20    ak0
!
n−j
3
5
= a10
 1Y
i= 2
fi;
a
a10
!
n
:
Now, 1Y
i=1
fi; a
!
n
=
nX
j=1
a1j
 1Y
i=2
fi;
a
a10
!
n−j
+
1X
k=2
2
4 a10a20    ak−1 0 nX
j=1
akj
 1Y
i=k+1
fi;
a
a10    ak0
!
n−j
3
5
=
nX
j=1
a1j
 1Y
i=2
fi;
a
a10
!
n−j
+ a10
 1Y
i=2
fi;
a
a10
!
n
=
"
f1
 1Y
i=2
fi;
a
a10
!#
n
:
(2) Suppose (
Q1
i=1 fi; aa
0)k =(
Q1
i=1 fi; a)k a
0 for all k  n − 1. Then (2) holds for
k = n from the denition of (
Q1
i=1 fi; a)n.
Lemma 2.4. For each f; g2V <X = and 2M; (fg)()=f()g() in V^ .
Proof. Let f=
P1
i=0 aiX
i and g=
P1
i=0 biX
i; where ai; bi 2V . Let A=f()
and B=g(). Given l2N; there exists an N  l such that nN implies
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A − (a0 + a1 +    + ann)2 (l) and B − (b0 + b1 +    + bnn) 2 (l); where
(l)= lV^ . Now, a0 + a1+   + ann 2A+(l) and b0 + b1+   + bnn 2B+(l).
So (a0 + a1+   + ann)(b0 + b1+   + bnn)2AB+ (l). For c2 (n+1); a0b0 +
(a0b1 + a1b0)+   +(
P
i+j= n aibj)
n+ c2AB+(l). So a0b0 + (a0b1 + a1b0)+   
+(
P
i+j= n aibj)
n 2AB+(l)+(n+1)AB+(l) since nN  l. Now, a0b0+(a0b1+
a1b0)+  +(
P
i+j= n aibj)
n−AB2 (l). Letting l!1;P1n=0(Pi+j= n aibj)n=AB
in V^ .
Theorem 2.5. Under the same hypotheses as in Denition 2.2, let fi=
P1
j=0 aijX
j.
Suppose there exists a non-zero a2M such that v(a) P1i=1 v(ai0) and limi!1(aij)
=1 for all j 1. Then for any 2M; v((Q1i=1 fi; a)())= P1i=1 v(fi()) + v(a) −P1
i=1 v(ai0).
Proof. If =0; then the theorem certainly holds. Let 0 6= 2M . Choose d2V and
a natural number N so that 0 v(d) v(a) −P1i=1 v(ai0) and v(a=da10    an0)<v()
for all nN . Note that a=da10    an0 2V for all nN . Let nN . 1Y
i=n+1
fi;
a
da10    an0
!
() =
a
da10    an0 + c(c 2 V^ )
=
a
da10    an0 (1 + 
0c);
where =(a=da10    an0)0 and 0 2M: So
v
" 1Y
i=n+1
fi;
a
da10    an0
!
()
#
= v

a
da10    an0

;
since V^ is a valuation domain with maximal ideal MV^ (Theorem 2.1). By Proposition
2.3(2),
d
 1Y
i=n+1
fi;
a
da10    an0
!
=
 1Y
i=n+1
fi;
a
a10    an0
!
:
So
v
" 1Y
i= n+1
fi;
a
a10    an0
!
()
#
= v(d) + v
" 1Y
i= n+1
fi;
a
da10    an0
!
()
#
= v(d) + v

a
da10    an0

= v

a
a10    an0

= v(a)−
nX
i=1
v(ai0):
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By Proposition 2.3(1) and Lemma 2.4,
v
  1Y
i=1
fi; a
!
()
!
= v
  
nY
i=1
fi()
! 1Y
i=n+1
fi;
a
a10    an0
!
()
!
= v
 
nY
i=1
fi()
!
+ v
  1Y
i=n+1
fi;
a
a10    an0
!
()
!
=
nX
i=1
v(fi()) + v(a)−
nX
i=1
v(ai0):
If v((
Q1
i=1 fi; a)()) 6=1; then letting n ! 1; we get v((
Q1
i=1 fi; a)())=P1
i=1 v(fi())+v(a)−
P1
i=1 v(ai0). If v((
Q1
i=1 fi; a) ())=1; then
Pn
i=1 v(fi())=1.
So some v(fi())=1 (1 i n) (i.e., fi()= 0), which establishes the desired
equation.
Denition 2.6. For f2V <X =; we dene Z(f) to be the set f2M jf()= 0 in V^g.
Corollary 2.7. Z(
Q1
i=1 fi)=
S1
i=1 Z(fi).
Proof. Since
Q1
i=1 fi=(f1   fn)
Q1
i=n+1 fi by Proposition 2.3, Z(f1) [    [ Z(fn)
Z(Q1i=1 fi) for any n. So S1i=1 Z(fi)Z(Q1i=1 fi). For the reverse containment, let
2Z(Q1i=1 fi). Now, v((Q1i=n+1 fi)())=1. The proof of Theorem 2.5 shows that
some fi()= 0. Therefore, Z(
Q1
i=1 fi)
S1
i=1 Z(fi).
For a ring R and f2R<X =; Cf denotes the ideal generated by coecients of f. If
Cf =R; then we usually write Cf =1.
For a quasi-local domain D and f2D<X = with Cf =1; let us denote by (f) the
order of f; which is the rst index n such that the nth coecient (f)n of f is a unit.
When Cf 6=1; we dene (f) to be 1.
Lemma 2.8. Let D be a quasi-local domain and f; g2D<X =. Then (fg)= (f) +
(g).
Proof. Let f=
P1
i=0 aiX
i; g=
P1
i=0 biX
i; m= (f); and n= (g). Let l<m+ n and
i; j be such that i + j= l. Either ai or bj is a non-unit. For otherwise im; j n so
that l= i+ jm+ n; a contradiction. So Pi+j=l aibj is a non-unit for each l<m+ n.
Hence (fg)m+ n. Moreover, Pi+j=m+n aibj is a unit since ambn is a unit and the
other terms aibj (i 6=m; j 6= n) are non-units. Hence (fg)=m+ n.
Theorem 2.9 (Kang and Park [10, Lemma 1]). Let V be a valuation domain with
maximal ideal M and Q a prime ideal of V <X = such that X =2Q and Q*M <X =.
Then Q is a principal ideal.
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Corollary 2.10. Let V be valuation domain. If f2V <X = is a non-unit and Cf =1;
then f is a product of a nite number of prime elements of V <X =. Moreover; the
number of prime factors of f cannot exceed (f).
Proof. Dividing f by a suitable power of X; we may assume that X -f. Let
p
(f) be
the nilradical of (f) in V <X =. If X 2p(f); then X n 2 (f) for an n 1. Say X n=fg.
Then X njg. Now 1=f(gX−n) and gX−n 2V <X =; which contradicts that f is not a unit.
So X =2p(f). We can choose a prime ideal Q such that Q (f) and X =2Q. For
otherwise each prime ideal Q would contain X; which would imply that X 2p(f);
a contradiction. By Theorem 2.9, Q is a principal ideal, say Q=(f1). For a g1 2
V <X =; f=f1g1. Since 1=Cf Cg1 ; Cg1 = 1. If g1 is not a unit, then applying the
above argument to g1; we get g1 =f2g2 for a prime element f2 and an element g2
of V <X =. Now f=f1f2g2. Continuing this way, we get prime elements f1; : : : ; fn and
an element gn such that f=f1   fngn. Now Cf1 =   =Cfn =Cgn =1. By Lemma
2.8, (f)= (f1) +    + (fn) + (gn) n since each fi (1 i n) is not a unit.
Hence, this cannot go on forever and so there exists n ( (f)) such that gn is
a unit.
Corollary 2.11. Let V be a one-dimensional valuation domain. If f2V <X = and
Cf =1; then Z(f) is a nite set.
Proof. Suppose Z(f) is an innite set and let f1; : : : ; n; : : : ; g be an innite sub-
set of Z(f). By [10, Theorem 5], each X − i is a prime element. This contradicts
Corollary 2.10.
Theorem 2.12. Let V be a one-dimensional valuation domain and 0 6=f2V <X =. Then
Z(f) is a countable set.
Proof. Let a0 be the constant term of f. We may assume that a0 6=0. Put Zn= f2
Z(f) j v()>1=ng. We claim that Zn is a nite set. Suppose it is not and let f1; : : : ;
n; : : :g be an innite subset of Zn. For each i; (X−1)    (X−i)jf by Theorem 2.1(3),
so 1    ija0; where a0 is the constant term of f. Now v(a0) v(1    i)= v(1) +
   + v(i)>i=n. From this we deduce that v(a0)=1; contrary to v(a0)<1. Thus
jZnj<1. The conclusion follows from the observation that Z(f)=
S1
n=1 Zn. Note
that 0 =2Z(f) since a0 6=0.
From Theorem 2.12, it easily follows that
Corollary 2.13. Let V be a one-dimensional valuation domain and 0 6=f2V <X =. Then
v(Z(f)) is an innite (countable) subset of R [ f1g if and only if 0 is its unique
limit point.
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3. The case where V is a non-discrete valuation domain
Let V be a valuation domain with maximal ideal M . We shall denote by V −(0) the
non-zero elements of V. In Section 1, it is shown that V <X1; : : : ; Xn=V−(0) is an n-dimen-
sional regular local ring if V does not have a height 1 prime ideal. Also it is known
that if V has a height 1 prime ideal P and P 6=P2; then V <X1; : : : ; Xn=V−(0) is an n-dimen-
sional Noetherian ring. Now suppose P=P2. Since V <X1; : : : ; Xn=V−(0) =VP <X1; : : : ;
Xn=VP−(0); we may assume that V is a one-dimensional valuation domain whose max-
imal ideal is idempotent. Under this hypothesis, we will prove that V <X1; : : : ; Xn=V−(0)
is not a Noetherian ring, dim V <X1; : : : ; Xn=V−(0) =1; t-dim V <X1; : : : ; Xn=V−(0) =1; and
t-dimV <X1; : : : ; Xn==1.
Proposition 3.1. Let V be a non-Noetherian one-dimensional valuation domain with
maximal ideal M . Let G be the value group of V and 0 6= 2G+. For any pos-
itive integers n1 n2     nk     ; there exist 1; 2; : : : ; k ; : : : in G+ such that
1>2>   >k>    and =
P1
k=1 nkk .
Proof. Since V is not Noetherian, G is a dense subgroup of R. So there exists 1 2G
such that =2<n11<. Also there exists 2 2G such that ( − n11)=2<n22< −
n11. Continuing this way we can nd 1; 2; : : : ; k ; k+1; : : : in G such that for each
k>0;
 −Pki=1 nii
2
<nk+1k+1< −
kX
i=1
nii:
For each k;
Pk
i=1 nii+nk+1k+1<. Since ni and i are all positive numbers,
Pk+1
i=1 nii
converges in R. Let =
P1
i=1 nii. So  . Since
 +
Pk
i=1 nii
2
<
kX
i=1
nii + nk+1k+1;
 + 
2
 :
So   and therefore = .
Denition 3.2. Let D be an integral domain. For an f=
P1
i=0 aiX
i 2D<X =; we de-
note by (f) the smallest index n>0 such that an 6=0. We say that a sequence of
power series ffi=
P1
j=0 aijX
jg is upper triangular (resp. echelon) if (fn) n (resp.
limn!1 (fn)=1).
Denition 3.3. Let D be an integral domain and d; d10; d20; : : : ; dn0; : : : be non-zero ele-
ments of D such that for each n; d10d20   dn0jd. Let ffi=
P1
j=0 dijX
jg1i=1 be an upper
triangular sequence and let f=
P1
i=0 aiX
i be the power series dened by
a0 =d; a1 =d11
d
d10
; a2 =d12
d
d10
+ d22
d
d20
;
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a3 = d13
d
d10
+ d23
d
d20
+ d33
d
d30
+ d22d11
d
d10d20
; : : : ;
an = (f1   fn)n dd10d20   dn0 ; : : : :
For an echelon sequence, we can dene f similarly.
Proposition 3.4. Let V be a valuation domain and ffig an upper triangular or echelon
sequence in V <X =. Then f in Denition 3:3 is identical with (
Q1
i=1 fi;d).
Proof. It is routine to check this.
Lemma 3.5. Let V be a non-discrete one-dimensional valuation domain; M its maxi-
mal ideal; and G its value group. Then there exist a subset fbng1n=1M and a col-
lection of power series fgng1n=1V <X = such that fbng1n= 1Z(gi) and the multiplic-
ity m(gi; bn) of gi at bn equals ni for each i and n. Moreover; gi 2M <X = for each
i 1.
Proof. Choose b1; b2; : : : ; bn; : : : 2M so that v(b1)>v(b2)>   >v(bn)>    and
v(bn)< exp(−n) for each n. For each i; 0 
P1
n=1 n
i+1v(bn)
P1
n=1 n
i+1e−n<1.
Thus,
P1
n=1 n
i+1v(bn) converges in R. Let 0 6= b2V be such that
P1
n=1 n
i+1v(bn)<v(b).
Case I: char V =0. Each −bnn + X n has a simple zero at X = bn. Since a root of
−bnn + X n=0 should have value v(bn); fb1; b2; : : :g \ Z(−bnn + X n)= fbng. Let fn=
(−bnn+X n)n
i
. Then ffng1n=1 is upper triangular, m(fn; bn)= ni; and fb1; b2; : : :g\Z(fn)=
fbng. By Proposition 3.4, (
Q1
j=1 fj; b)2V <X =. Put g=(
Q1
j=1 fj; b). Let
B= fb1; b2; : : :g. By Corollary 2.7, Z(g)=
S1
j=1 Z(fj). So B= fb1; b2; : : : ; bj; : : :gS1
j=1 Z(fj)=Z(g). From the fact that Z(g)=
S1
j=1 Z(fj) and bn =2Z(fj) for j 6= n; it
follows that m(g; bn)=m(fn; bn)= ni.
Case II: char V =p 6=0. Choose a strictly increasing sequence fnjg of natural num-
bers which converges to 1 and (nj; p) = 1. As in Case I, we can nd b 6=0; b1; b2; : : :
in M such that v(bj)<e
−j
nj
for each j, v(b1)> v(b2)>   , and
P1
j=1 njj
iv(bj)  v(b).
Each −bnjj +X nj has a simple zero at bj since its derivative njX nj−1 is not zero at bj. So
fj = (−bnjj +X nj) j
i
has multiplicity ji at bj, and clearly Z(fj)\fb1; b2; : : :g = fbjg. Let
g = (
Q1
j=1 fj; b). Then B = fb1; b2; : : : ; bj; : : :g
S1
j=1 Z(fj) = Z(g). Since bn =2 Z(fj)
for any j 6= n, it follows that m(g; bn) = m(fn; bn) = ni. Now Corollary 2.11 throws
each gi into M <X =. .
Remark. If we have only to construct a single gi=
P1
k=0 gikX
k satisfying Lemma 3.5,
we can nd

fj =
P1
k=0 fjkX
k
}1
j=1 so that gi=
Q1
j=1 fj and v(gi0)=
P1
j=1 v(fj0)
(Proposition 3.1). However, we need innitely many gi with the same set fbng1n= 1. That
is why we dene the constant term of an innite product as given in
Denitions 2.2 and 3.3.
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In view of Corollary 2.11, each Cgi M and Cgi is not a principal ideal. Note that
each Z(gi) is an innite set. In the following example, we show the existence of
a power series g such that Cg=M and Z(g)= ;.
Example. Let A be a transcendence base of R over Q such that inf A=0. Let G=Z[A]
and V a valuation domain with the value group G. As in Proposition 3.1, we can
show that there exist >2>3>   >n>n+1>    in A such that =
P1
n=2 n.
Take b and bn 2V such that v(b)=  and v(bn)= n for n 2. Let fn= bn + X n
(n 2). Each Z(fn)= ;. For otherwise there exists 2V such that n= − bn. Then
(1=n)n=(1=n)v(bn)= v()2G; contrary to that A is a transcendence base of R over Q.
Let f=(
Q1
n=2 fn; b). By Corollary 2.7, Z(f)=
S1
n=2 Z(fn)= ;. We show that Cf =M;
where M is the maximal ideal of V. It suces to show that the value of the coecient
of X 2++n of f goes to 0 as n approaches 1. We claim that (b=b2b3    bn) has the
smallest value among the terms appearing in the coecient of X 2++n in (
Q1
i=2 fi; b)
and no others do, i.e., v(b=b2    bn) is the smallest in the set(
v

b
bi2    bil
 i2 +   + il=2 +   + n; 2 i2<i3<   <il
)
and
v

b
b2    bn

<v

b
bi2    bil

if i2 +   + il=2+   + n; 2 i2<i3<   <il and fi2; : : : ; ilg 6= f2; : : : ; ng. Note that
for i2; : : : ; il such that i2 +    + il=2 +    + n and 2 i2<i3<   <il; l= n if and
only if fi2; : : : ; ilg= f2; : : : ; ng. Let 2  i2<   <il be such that fi2; : : : ; ilg 6= f2; : : : ; ng
and i2 +   + il=2+   + n. Clearly, i2 2; : : : ; il l. So l<n and hence 2 +   +
n − (i2 +    + il)= (2 − i2 ) +    + (l − il) + (l+1 +    + n)>0. Thus,
2 +   + n>i2 +   + il ; which establishes the claim. Now,
lim
n!1 v

b
b2b3    bn

= lim
n!1
 
 −
nX
i=2
i
!
=0:
Denition 3.6. Let D be an integral domain, K the quotient eld of D; and M a
D-submodule of K . M−1 is dened to be the D-submodule fx j x2K; xM Dg of K .
We denote (M−1)−1 by Mv. An ideal I of D is a t-ideal if I =
PfJv j J is a nitely
generated ideal of Ig. A prime t-ideal is a prime ideal which is also a t-ideal.
In [6, Proposition 4.1], Dobbs and Houston achieved the result that for a nite-
dimensional discrete valuation domain V , t-dimV <X ==dim V . However, they could
not determine t-dim V <X = when V is a nite-dimensional non-discrete valuation domain,
especially when V is a non-Noetherian one-dimensional valuation domain. In this case,
although it is known that dim V <X ==1 [1, Example 1], the prime ideals of the innite
(ascending) chain constructed there contain M V <X = (see the proof of [1, Theorem 1]),
where M is the maximal ideal of V. However, M V <X = is a maximal t-ideal of V <X =
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[6, Lemma 4.3]. Thus that chain does not help in discovering t-dim V <X =. We have
to construct an innite chain of prime t-ideals which are disjoint from V n(0). The
main theorem of this section, Theorem 3.8, was inspired by Mott’s result on the ring
of complex entire functions [12, Proposition 3.3].
Denition 3.7. Let V be a one-dimensional valuation domain. For f2V <X = and a sub-
set S of V; we say that f vanishes almost everywhere (f 0 a.e.) on S if f(s)= 0
(in V^ ) for all but a nite number of elements s of S.
Theorem 3.8. Let V be a non-discrete one-dimensional valuation domain and M the
maximal ideal of V. Then dim V <X =V−(0) =1 and t-dim V <X ==1. In fact; there
exists an innite descending chain of prime ideals (t-ideals) inside M <X = which do
not contain non-zero elements of V.
Proof. It suces to show that t-dim V <X ==1. By Lemma 3.5, there exist g1; g2; : : : ;
gk ; : : : in V <X = and b1; b2; : : : ; bn; : : : in M such that v(b1)>v(b2)>   >v(bn)>    ;
fb1; b2; : : : ; bn; : : :gZ(gi) for each i; and m(gi; bn)= ni for each i; n. Let Ak = f(bj; jk) j
j2Ng for k  1. We write f((bj; jk))= 0 or (bj; jk)2Z(f) if bj is a zero of f with
multiplicity  jk . Let Ik = ff2V <X = jf 0 a.e. on Akg. For example, I1 = ff jf2
V <X =; f 0 a.e. on fb1; b2; b3; : : :g and m(f; bn) n for all suciently large ng.
Clearly, Ik is an ideal of V <X = and Ik 6=(1). We have I1 I2    In   . We claim
that each Ik is a t-ideal of V <X =: Let f1; : : : ; fl 2 Ik . If (; m)2Z(f1) \ Z(f2) \    \
Z(fl); then (X − )m jf for any f2 (f1; : : : ; fl). So (f1; : : : ; fl) (X − )m. Then
(f1; : : : ; fl)t  (X − )m. Since AknZ(f1) \    \ Z(fl)= (AknZ(f1)) [ (AknZ(f2)) [
   [ (AknZ(fl)) is a nite set, (f1; : : : ; fl)t  Ik . Thus, each Ik is a t-ideal. In particu-
lar, I1 is a t-ideal. We claim that every prime ideal P1 of V <X = minimal over I1 is such
that P1 \V =(0). Suppose the contrary and let 0 6= v2P1 \V . For an h2V <X =nP1 and
m 1; hvm 2 I1. So hvm 0 a.e. on A1. Since Z(v)= ;; h 0 a.e. on A1; which implies
h2 I1; a contradiction. Note that P1 is a t-ideal [8, Proposition 1.1(5)]. We claim that
P1 is not minimal over I2. Suppose it is minimal. Then (P1)P1 =
p
(I2)P1 and hence
for some l 1 and h 2 V <X = nP1; hgl1 2 I2. There exists N>0 such that iN implies
i(l + 1)<i2. Since h =2 I1; there exist innitely many jN such that h((bj; j)) 6=0.
Thus, we can construct a sequence of integers i1<i2<    such that ik(l+ 1)<i2k and
h((bik ; ik)) 6=0. Now,
m(hgl1; bik)=m(h; bik) + m(g
l
1; bik)<ik + lik =(l+ 1)ik<i
2
k
for all k  1. So hgl1 =2 I2; contrary to hgl1 2 I2. So P1 is not minimal over I2. Let P2 be
a prime ideal properly contained in P1 and minimal over I2. Since I2 is a t-ideal, P2
is a t-ideal. Suppose, by induction we can choose prime t-ideals P1; : : : ; Pn such that
P1 ) P2 )    ) Pn In. We claim that Pn is not minimal over In+1. Suppose the
contrary. Then
(Pn)Pn =
p
(In+1)Pn
122 B.G. Kang, M.H. Park / Journal of Pure and Applied Algebra 140 (1999) 107{124
and hence for some l 1 and h2V <X = nPn; hgln 2 In+1. There exists N>0 such
that iN implies in+1>(l + 1)in. Since h =2 In; there exist innitely many jN
such that m(h; bj)<jn. Thus, we can construct a sequence of integers i1<i2<   
such that in+1k >(l+ 1)i
n
k and m(h; bik )<i
n
k for k =1; 2; 3; : : :. Now,
m(hgln; bik )=m(h; bik ) + m(g
l
n; bik )<i
n
k + li
n
k =(l+ 1)i
n
k<i
n+1
k
for each k =1; 2; 3; : : : ; which contradicts that hgln 2 In+1. So Pn is not minimal over
In+1: Hence, there exists a prime ideal Pn+1 minimal over In+1 such that Pn ) Pn+1.
Since In+1 is a t-ideal, Pn+1 is a t-ideal. Thus, the induction is completed and so there
is an innite chain of prime t-ideals P1 ) P2 )   ) Pn ) Pn+1 )    in V <X = such
that Pn \ V =(0) for each n (recall that P1 \ V =(0); whence Pn \ V =(0) for n 1).
Note that I1M <X = since any f2V <X = with Cf =1 has only nitely many zeroes in
M by Corollary 2.11. By shrinking M <X = to a minimal prime ideal over I1; we can
choose, from the start, P1 so that P1M <X =.
Corollary 3.9. Let V be a non-discrete one-dimensional valuation domain and M the
maximal ideal of V. Then dim V <X1; : : : ; Xn=V−(0) =1 and t-dim V <X1; : : : ; Xn==1.
In fact; there exists an innite descending chain of prime ideals (t-ideals) inside
M <X1; : : : ; Xn= which do not contain non-zero elements of V.
Proof. Let Ik = ff jf2V <X1; : : : ; Xn= and (X1−bj) jk jf(X1; : : : ; Xn) for all j0g. Then
proceed as in the proof of Theorem 3.8.
In [6, Proposition 4.5], it is shown that for an n-dimensional valuation domain V
whose every prime ideal is idempotent, t-dim V <X = 2n− 1. In fact, t-dim V <X = turns
out to be innite even under a weaker condition as is shown in the next result.
Corollary 3.10. Let V be a valuation domain. If V has a height 1 prime ideal P that
is idempotent; then t-dim V <X =V−(0) =1 and consequently; t-dim V <X ==1. In fact;
there exists an innite descending chain of prime t-ideals of V <X = inside P<X = which
do not contain non-zero elements of V and whose extensions to V <X =V−(0) are prime
t-ideals of V <X =V−(0).
Proof. Suppose that V is a one-dimensional non-discrete valuation domain. Let Ik and
Pk be as in the proof of Theorem 3.8. We claim that (Ik)V−(0) is a t-ideal of V <X =V−(0):
Let f1; : : : ; fl 2 Ik and (; m) 2 Z(f1)\   \Z(fl). Clearly, (f1; : : : ; fl) (X −)m. So
(f1; : : : ; fl)V−(0) (X − )mV−(0) and hence,
((f1; : : : ; fl)V−(0))v (X − )mV−(0):
Now, let f2 ((f1; : : : ; fl)V−(0))v. Then for 0 6= s2V; sf2 (X − )m. Since X −  is
a prime element of V <X =; f2 (X − )m. Since (; m) is an arbitrary element, f2 Ik
and hence ((f1; : : : ; fl)V−(0))v (Ik)V−(0); which implies that (Ik)V−(0) is a t-ideal.
Since (Pk)V−(0) is minimal over (Ik)V−(0); (Pk)V−(0) is a (prime) t-ideal. Thus
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t-dim V <X =V−(0) =1. Now, let P be the height 1 idempotent prime ideal of V. Note
that V <X =V−(0) =VP <X =VP−(0). So t-dim V <X =V−(0) =1 by the above argument. Let
Q1Q2   Qn    be an innite descending chain of prime t-ideals of VP <X =;
which sit inside PP <X ==P<X =; which do not contain non-zero elements of VP
(Theorem 3.8), and whose extensions to VP <X =VP−(0) =V <X =V−(0) are prime t-ideals.
Clearly, QiV <X = for i 1. Since (Qi)V−(0) is a prime t-ideal and Qi=(Qi)V−(0) \
V <X =; Qi is a t-ideal [9, Proposition 2.8]. Then fQig1i=1 is the desired chain of prime
ideals of V <X =.
Corollary 3.11. Let V be a valuation domain. If V has a height 1 prime ideal P
that is idempotent; then t-dim V <X1; : : : ; Xn=V−(0) =1 and consequently; t-dim V <X1; : : : ;
Xn==1. In fact; there exists an innite descending chain of prime t-ideals inside
P<X1; : : : ; Xn= which do not contain non-zero elements of V.
Proof. Let Ik = ff jf2V <X1; : : : ; Xn= and (X1−bj) jk jf(X1; : : : ; Xn) for all j 0g. Then
proceed as in the proof of Corollary 3.10.
Proposition 3.12. Let V be a valuation domain with an idempotent height 1 prime
ideal. Then the ring V <X1; : : : ; Xn=V−(0) does not satisfy the ascending chain condition
on principal ideals (ACCP).
Proof. Let P be a height 1 prime ideal of V. Since V <X1; : : : ; Xn=V−(0) = VP <X1; : : : ;
Xn=VP−(0); we may assume that V is a one-dimensional non-discrete valuation domain.
We will handle the case when n=1. Then the general case immediately follows from
this. In the proof of Theorem 3.8 we constructed a power series g such that Z(g) is
an innite set. Let f1; 2; : : :g be an innite countable subset of Z(g) and put
gi=
g
(X − 1)    (X − i) for i 1:
Since each X − i is a prime element of V <X = by Theorem 2.1(2), gi 2V <X =. Sup-
pose (gi)V−(0) = (gi+1)V−(0) for some i 1. Then for a non-zero v2V and h2V <X =;
vgi+1 = gih. Now, v=(gi=gi+1)h=(X − i+1)h; a desired contradiction. So (gi)V−(0) (
(gi+1)V−(0) for each i 1 and the claim is proved.
Now, we summarize the results obtained.
Theorem 3.13. Let V be a valuation domain. Put D=V <X1; : : : ; Xn=V−(0). Then
(1) if V does not have a height 1 prime ideal; then D is an n-dimensional Noetherian
regular local ring (and so a unique factorization domain (UFD));
(2) if V has a height 1 prime ideal that is not idempotent; then D is an n-
dimensional Noetherian regular ring; which is also a UFD;
(3) if V has a height 1 prime ideal that is idempotent; then D is innite-dimensional
and D does not satisfy the ACCP (and so D is neither a Noetherian ring nor a UFD).
Moreover; t-dim V <X1; : : : ; Xn==1 and t-dim V <X1; : : : ; Xn=V−(0) =1.
124 B.G. Kang, M.H. Park / Journal of Pure and Applied Algebra 140 (1999) 107{124
References
[1] J.T. Arnold, Krull dimension in power series rings, Trans. Amer. Math. Soc. 177 (1973) 299{304.
[2] J.T. Arnold, Power series rings over Prufer domains, Pacic J. Math. 44 (1973) 1{11.
[3] J.T. Arnold, Power series rings over discrete valuation rings, Pacic J. Math. 93 (1981) 31{33.
[4] J.T. Arnold, Power series rings with nite Krull dimension, Indiana Univ. Math. J. 31 (1982) 897{911.
[5] M.F. Atiyah, I.G. Macdonald, Introduction to Commutative Algebra, Addison-Wesley, Reading, MA,
1969.
[6] D.E. Dobbs, E. Houston, On t-Spec(R<X =), Canad. Math. Bull. 38 (1995) (2) 187{195.
[7] R. Gilmer, Multiplicative Ideal Theory, Marcel Dekker, New York, 1972.
[8] J. Hedstrom, E. Houston, Some remarks on star-operations, J. Pure Appl. Algebra 18 (1980) 37{44.
[9] B.G. Kang, Prufer v-multiplication domains and the ring R[X ]Nv ; J. Algebra 123 (1989) 151{170.
[10] B.G. Kang, M.H. Park, Completion of a Prufer domain, J. Pure Appl. Algebra 140 (1999) 125{135,
this issue.
[11] I. Kaplansky, Commutative Rings, Allyn and Bacon, Boston, MA, 1970.
[12] J. Mott, Convex subgroups of a group of divisibility, Canad. J. Math. 26 (1974) 532{542.
